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Abstract

Objective Estimation of nonlinear micro-parameters is a

computationally demanding and fairly challenging process,

since it involves the use of rather slow iterative nonlinear

fitting algorithms and it often results in very noisy voxel-

wise parametric maps. Direct reconstruction algorithms can

provide parametric maps with reduced variance, but usu-

ally the overall reconstruction is impractically time con-

suming with common nonlinear fitting algorithms.

Methods In this work we employed a recently proposed

direct parametric image reconstruction algorithm to esti-

mate the parametric maps of all micro-parameters of a two-

tissue compartment model, used to describe the kinetics of

[18F]FDG. The algorithm decouples the tomographic and

the kinetic modelling problems, allowing the use of pre-

viously developed post-reconstruction methods, such as the

generalised linear least squares (GLLS) algorithm.

Results Results on both clinical and simulated data

showed that the proposed direct reconstruction method

provides considerable quantitative and qualitative

improvements for all micro-parameters compared to the

conventional post-reconstruction fitting method. Addition-

ally, region-wise comparison of all parametric maps

against the well-established filtered back projection fol-

lowed by post-reconstruction non-linear fitting, as well as

the direct Patlak method, showed substantial quantitative

agreement in all regions.

Conclusions The proposed direct parametric reconstruc-

tion algorithm is a promising approach towards the esti-

mation of all individual microparameters of any

compartment model. In addition, due to the linearised

nature of the GLLS algorithm, the fitting step can be very

efficiently implemented and, therefore, it does not consid-

erably affect the overall reconstruction time.

Keywords PET reconstruction � Parametric imaging �
GLLS � Kinetic modelling

Introduction

Meaningful physiological parameters about tissues of

interest can be extracted using dynamic positron emission

tomography (PET) data. Conventional approaches generate

these kinetic parameters from the independently recon-

structed time frames, after fitting the regional time–activity

curves (TACs) to an appropriate kinetic model [1–3]. Most
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of these kinetic models are based on the utilisation of

compartments to describe the behaviour of the tracer within

the tissue of interest. Each compartment identifies either a

distinct possible location or a different chemical state of

the tracer within the same place. The constant rates of the

transfer of the tracer between different compartments

comprise the parameters of the model that have physio-

logical meaning and are estimated by nonlinear least

squares (NLLS) optimisation algorithms [4, 5].

Although it would be preferable to estimate the kinetic

parameters at the voxel level to enhance characterisation of

the regional heterogeneity, conventional approaches pose

two severe limitations. The first limitation is that voxel-

level TACs are usually extremely noisy, which makes it

almost impossible to acquire reliable parameter estimates

using nonlinear optimisation procedures, since they are

often unstable and converge to local minima if the initial

parameter estimate is not appropriate (i.e. close to the

global maximum). However, this limitation is often over-

come by post-smoothing the reconstructed images using a

Gaussian kernel, before the application of the kinetic

model. Although this approach can lead to improved

parameter estimation it comes at the expense of reduced

resolution in the parametric images and increased hetero-

geneity within the voxel, which the kinetic model being

used might not adequately model.

The second limitation is that well-established nonlinear

optimisation procedures, such as the Levenberg–Marquardt

(LM) [6], are fairly computationally intensive. Although

they are very powerful, since they can estimate all indi-

vidual parameters from any compartment model with

minimal bias, they cannot be used to estimate the kinetic

parameters at the voxel level, as this would be an unreal-

istically long effort. To account for this limitation, graph-

ical analysis techniques [7, 8] have been proposed, which

transform the dynamic data into a set of linear equations

that are efficiently solved using fast linear regression [9]. In

addition, this transformation leads to fewer parameters to

be optimised, which allows for improved, efficient and

reliable parameter estimation with a small standard error

due to the employed assumptions during the linearisation

[10, 11].

Reconstruction of parametric maps directly from the

measured projection data has attracted increased attention

over the recent years, since it has the potential to provide

estimates with improved statistical quality (both in terms of

accuracy and precision). The main advantage of such

approaches is that the kinetic model is applied directly on

the raw measured data, where the noise statistics can be

well modelled as Poisson and thus leading to statistically

more efficient parameter estimates.

Over the previous years many groups have proposed

different methods for estimating the parametric maps

directly from the measured data (for reviews see [12, 13]).

Some of them have focused on the estimation of linear

kinetic parameters based either on a spectral analysis

model [14–16], or on graphical analysis methods, such as

the Patlak [17–19] and the Logan plots [20]. These

approaches have been successfully applied on clinical data,

leading to fast and efficient calculation of parametric maps.

However, the downside of such approaches is that, due to

the linear transformation, they can only provide macro-

parameters of interest, such as the uptake rate Ki and the

volume of distribution VD.

An alternative to linear kinetic models is the use of

nonlinear kinetic models (i.e. a mixture of exponentials).

These approaches allow the estimation of individual kinetic

parameters, but due to the coupling between the recon-

struction and the nonlinear parameter estimation, they tend

to be computationally impractical, forcing Kamasak et al.

[21] to employ a multi-resolution grid technique to accel-

erate convergence. On the other hand, Wang and Qi [22]

proposed a generalised reconstruction method, based on the

optimisation transfer framework, to decouple the recon-

struction problem from the nonlinear kinetic fitting,

allowing well-established least squares optimisation pro-

cedures to be used. Although this approach is applicable to

any kinetic model, the use of nonlinear regression proce-

dures, such as the LM algorithm, during the parameter

estimation step, pose a significant limitation towards the

application of the method to clinical data. This is especially

true for images obtained from the High Resolution

Research Tomograph (HRRT), where a typical brain

occupies approximately 2.5–3 million voxels in the

reconstructed image and, therefore, reconstruction of

voxel-wise parametric maps would be almost impossible.

Matthews et al. [23] proposed a generalised extension of

existing methods [16, 22], which is applicable to any

spatiotemporal model. Through an expectation maximisa-

tion (EM) framework the original spatiotemporal 4D

problem can be reduced to an image-based maximum

likelihood (ML) problem or to an equivalent least squares

(LS) problem, where the weights are determined based on a

one-step-late approach. Therefore, fast and efficient image-

based techniques, such as the generalised linear least

squares (GLLS) [24] or the preconditioned conjugate gra-

dient (PCG) [16], can be used to optimise the LS or the ML

the objective function, respectively, leading to fast con-

vergence characteristics, as well as practical reconstruction

times.

To the best of our knowledge there has been no study

that applied a direct reconstruction algorithm on real

clinical data to estimate all individual kinetic parameters of

a two-tissue compartment model. Therefore, in this work

we extend the method proposed by Matthews et al. [23] to

estimate all individual micro-parameters of a nonlinear
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kinetic model, which forms one of the key novelties of this

work. In addition, an important novelty and differentiation

from existing methods is that the kinetic parameters are

estimated within the GLLS framework, where the linear-

ised nature of the fitting problem makes micro-parameter

estimation computationally more practical. The effective-

ness of the proposed method over the conventional post-

reconstruction kinetic parameter estimation, is demon-

strated by means of a 4D simulation and clinical [18F]FDG

brain data obtained on the HRRT scanner.

Theory

Dynamic data model

The measured dynamic PET data, m ¼ fmfig 2 R
T�M ,

where T is the total number of dynamic frames and M the

total number of sinogram bins, are usually modelled as a

collection of statistically independent Poisson variables:

mfi� Poisson f�yfig; 8f ; i; ð1Þ

with the mean expected data �y ¼ f�yfig 2 R
T�M being lin-

early related to the unknown tracer distribution �x ¼ f�xfjg 2
R

T�N (where N is the total number of image voxels) via the

following affine transformation:

�yfi ¼
X

j

pij�xfj þ nfi; 8f ; i; ð2Þ

where p ¼ fpijg 2 R
M�N is the known probability that a

photon pair emitted from the jth image voxel will be

detected at the ith projection bin and n ¼ fnfig 2 R
T�M

represents the mean background events (i.e. randoms and

scatter) detected in the ith projection bin, during the f th

time frame.

Kinetic model

Conventionally, the kinetic behaviour of [18F]FDG in the

target tissue, CT(t), is described by a two-tissue compart-

ment model, which consists of the concentration of the

‘free’ [18F]FDG in tissue, CF, and the phosphorylated

(bound) FDG� 6� PO4 in tissue, CB(t). The transfer of

the tracer between compartments is represented by a set of

first order differential equations [2]:

d

dt
CFðtÞ ¼ K1CpðtÞ � ðk2 þ k3ÞCFðtÞ þ k4CBðtÞ ð3Þ

d

dt
CBðtÞ ¼ k3CFðtÞ � k4CBðtÞ ð4Þ

where Cp(t) is the concentration of tracer in plasma. In

[18F]FDG studies, the vascular compartment, VB, also

contributes to the observed concentration in the target tis-

sue CT(t) (at least for the first frames) and can introduce

significant errors in the estimated rate constants if ignored

[25, 26]. It is worth noting that each image voxel j has

separate rate constants j ¼ fjjg ¼ ½K1;j; k2;j; k3;j; k4;j;VB;j�
to be estimated. Specifically, during the f th frame the

counts within the jth image voxel are equal to:

�xfj ¼ hfjðjÞ ¼
1

te
f � ts

f

Z te
f

ts
f

CTðsÞds; 8f ; j; ð5Þ

where the total concentration in tissue is equal to

CTðtÞ ¼ CFðtÞ þ CBðtÞ þ VBCpðtÞ, ts
f and te

f are start and

the end time of frame f and hfjðjÞ is used to denote the

overall model that depends on the kinetic parameters j.

Spatiotemporal EM framework

The ML estimate of the unknown kinetic parameters j, can

be calculated by maximising:

ĵ ¼ argmax
j

l jjmð Þ; ð6Þ

where the Poisson log-likelihood function, given the

measured dynamic data m, is given by:

l jjmð Þ ¼
X

fi

mfi loge �yfi

� �
� �yfi

� �
; ð7Þ

where the term logeðmfi!Þ has been dropped as it is not

dependent on the kinetic parameters j, while the �yfi is

related to the kinetic parameters j through the affine

transformation:

�yfi ¼
X

j

pijhfjðjÞ þ nfi; 8f ; i; ð8Þ

This problem has been previously solved, for nonlinear

two-tissue compartment models, using approaches includ-

ing iterative coordinate ascent [21] and optimisation

transfer [22].

Recently, Matthews et al. [23] proposed a generalised

spatiotemporal image reconstruction algorithm, which is a

direct implementation of the EM algorithm [27]. The EM

algorithm requires the introduction of a set of unobserved

‘complete’ data, that can be thought of as the intersection

between the sinogram and the image space data. As it has

been demonstrated by Fessler and Hero [28], the selection of

an appropriate ‘complete’ data formulation is very impor-

tant, since it can lead to more efficient reconstruction

algorithms. Therefore, one option for the ‘complete’ data

c ¼ fcfijg 2 R
T�M�N is the number of positron emissions

from image voxel j, detected in the projection bin i, during

the time frame f . It can be shown [23] that the spatiotem-

poral problem (6) can be decoupled into an image-based ML

problem:
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jðkþ1Þ ¼ argmax
j

X

j

X

i

pij

 !

�
X

f

�x
ðkþ1Þ
fj loge hfj jð Þ

� �
� hfj jð Þ

� �
; ð9Þ

where the sensitivity image
P

i pij acts as a special weight

in the maximisation problem and the ‘data’ �x
ðkþ1Þ
fj are given

by:

�x
ðkþ1Þ
fj ¼

hfj jðkÞ
� �
P

i pij

X

i

pij

mfiP
j0 pij0hfj0 jðkÞð Þ þ nfi

; 8f ; j;

ð10Þ

which is equivalent to a conventional 3D MLEM recon-

struction independently for each dynamic frame. However,

in the case of independent models for each image voxel the

sensitivity image weight becomes redundant and can be

dropped.

Weighted least squares estimation

It can be shown that when the value in the current image

estimate �x
ðkþ1Þ
fj is adequately large, the image-based ML

problem (9) can be very well approximated by the image-

based weighted least squares (WLS) formulation [23]:

jðkþ1Þ ¼ argmin
j

X

fj

wfj �x
ðkþ1Þ
fj � hfj jð Þ

� �2

; ð11Þ

where the weights, wfj, are derived within the EM frame-

work and are given by the following equation (where the

sensitivity image has been dropped):

wfj ¼
1

hfj jð Þ ; 8f ; j: ð12Þ

However, the weights in (12) cannot be calculated since they

depend on the kinetic parameters being optimised. For this

reason, a one-step-late (OSL) approach is adopted, where

the kinetic parameters are substituted by their expectation

calculated in the previous iteration, jðkÞ. Errors caused by

this approximation converge to zero, as the estimated kinetic

parameters jðkÞ get closer to the true value.

Likewise, Wang and Qi [22] suggested a formulation for

the weights of the WLS problem (equation 26) derived

within the optimisation transfer framework. Although the

proposed weights are optimal, they are rather complicated,

since they depend on the appropriate selection of the cur-

vature of the surrogate function. The transformation of the

ML problem (9) into a WLS problem, allows the use of

efficient optimisation procedures during the kinetic

parameter fitting, such as the non-negative least squares

(NNLS) algorithm [29].

Generalised linear least squares

Conventionally, the kinetic parameters of a two-tissue

compartment model are estimated by applying a nonlinear

regression algorithm on the dynamic PET data. This was

also the case in [22], where the Levenberg–Marquardt

algorithm was employed. On the contrary, in this work the

kinetic parameter vector j is estimated using the NNLS

algorithm, after the linearisation of the differential equa-

tions (3) and (4) within the GLLS framework [24].

The implementation of the GLLS method adopted the

weights described in (12), while the initial estimate for

each iterative GLLS procedure was obtained from the

previous iteration of the overall reconstruction. Also, it was

experimentally found that four internal iterations were

enough for the algorithm to converge, without sacrificing

computational speed (Fig. 1). Nevertheless, it must be

noted that convergence is slower and rather more prob-

lematic for very noisy TACs, since it may be trapped in a

local minimum. The GLLS algorithm was further opti-

mised for application to clinical data, by pre-calculating the

necessary convolution operations and storing them within a

library (look-up table) (equation 21 in [24]). During

parameter estimation the appropriate value within the look-

up table was estimated by linear interpolation. The com-

putational time required for fitting 1000 TACs was

approximately 0.43 s (on an IntelR CoreTM Duo E8400

3.00 GHz, 12 threads), which is considerably quicker

compared to the time required by a nonlinear search

algorithm.

Convergence

The proposed algorithm is a direct implementation of the

EM framework and, therefore, it guarantees monotonic

convergence [23, 27]. However, because the kinetic

parameters are nonlinearly related to the measured

dynamic PET data, the log-likelihood function (7) is no

longer concave with respect to j. Therefore, the log-like-

lihood value will be monotonically increasing with itera-

tions, but it might converge to a local maximum.

Methods

Clinical data

A single [18F]FDG data set was acquired on the HRRT

camera, in list-mode over 68 min. The list-mode data were

then histogrammed (span 9, ring difference 67) using a

scan protocol of 35 frames (1� 445 s, 1� 30 s, 1� 10 s,

12� 5 s, 2� 10 s, 3� 30 s, 3� 60 s, 2� 120 s,
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10� 300 s). The study was approved by the Manchester

Independent Research Ethics Committee and by the United

Kingdom Administration of Radioactive Substances

Advisory Committee.

A population-based input function was calculated by

averaging over time six measured arterial input function

curves, which were acquired as part of a study to examine

[18F]FDG changes with temozolomide changes in cancer

patients, and two venous blood samples obtained at 45 and

60 min post injection (Table 1) to scale the population

curve to the individual HRRT dataset [30]. Based on the

total detected true events (i.e. commonly referred to as the

head curve), the input function was corrected for delay,

using a spectral analysis model to describe the kinetics

[31]. Finally, it was scaled to the acquired data, based on

the late venous samples (v4 and v5 in Table 1), while the

scaling factor was given by Takikawa et al. [32]:

sf ¼ 1

2

v4

pðt1Þ
þ v5

pðt2Þ

� �
; ð13Þ

where pðtÞ is the population-based input function and

t1 ¼ 2673 s and t2 ¼ 3572 s correspond to the time points

where the venous samples were acquired (see Table 1).

The kinetic behaviour of [18F]FDG was modelled as a

two-tissue compartment, assuming that the dephosphoryl-

ation of FDG during the measurement period is

insignificant (i.e. k4 ¼ 0) [33] and including a blood vol-

ume (VB) fraction. In total, four kinetic parameters were

calculated, that is, K1, k2, k3 and VB. In addition, the uptake

rate of [18F]FDG, Ki, was calculated by the estimated

parameters:

Ki ¼
K1k3

k2 þ k3

: ð14Þ

The parametric maps were reconstructed using the pro-

posed direct reconstruction algorithm. The tomographic

problem (10) was solved using 12 iterations of the ordinary

Poisson ordered subsets EM (OP-OSEM) algorithm (16

subsets) [34, 35], while the kinetic modelling step (11) was

solved using the GLLS method with 4 internal iterations

for each fit. The direct parametric maps were compared

with the conventional post-reconstruction parametric maps,

which were obtained by independently reconstructing all

time frames using an OP–OSEM algorithm (12 iterations,

16 subsets) and then kinetically fitting the TAC of every

voxel using the same weights as the direct method within a

similar GLLS framework. Both schemes were initialised

with a uniform dynamic image estimate (i.e. all ones),

although any non-negative initial estimate can be used.

However, an initial estimate that is closer to the global

optimum (i.e. FBP reconstruction) would not only provide

faster convergence [18, 19, 21], but also would allow the

algorithm to avoid being trapped in a local optimum.

In addition, because the truth is not known for clinical

data, the direct and post-reconstruction parametric maps

were also compared, on a region of interest (ROI) basis, to

a regularly used and well-established method. Parameters

for several predefined ROIs were estimated from the TACs,

acquired by reconstructing the data with the filtered back-

projection (FBP) algorithm [36], and then fitting them

using the nonlinear Levenberg–Marquardt algorithm.

Nevertheless, estimation of five parameters is almost

Table 1 Venous samples measured during the scan

Samples Time post injection (s) Activity in venous (kBq/mL)

v1 572 10.76

v2 995 7.92

v3 1468 6.82

v4 2673 4.45

v5 3572 3.44

0 1000 2000 3000
0

1

2

3

4

Time (sec)

A
ct

iv
ity

 (
a.

u.
)

(a)

 

 

1st Iteration 2nd Iteration 3rd Iteration 4th Iteration Measured True

0 1000 2000 3000
0

1

2

3

4

Time (sec)

A
ct

iv
ity

 (
a.

u.
)

(b)

 

 

0 1000 2000 3000
0

1

2

3

4

Time (sec)

A
ct

iv
ity

 (
a.

u.
)

(c)

 

 

Fig. 1 Simulated examples of fitted TACs using four internal GLLS

iterations for different levels of noise (decreasing noise from left to

right). These examples demonstrate that the GLLS algorithm,

converges within 4 internal iterations. The black circles represent

the noisy measurements for each frame, the dashed line the true TAC,

while the coloured solid lines represent the successive fitting attempts
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impossible, especially for noisy TACs. Therefore, during

the nonlinear fit, the blood volume fraction (VB) was fixed

to 5 % and the k4 parameter was set equal to a value taken

from the literature (i.e. k4 ¼ 0:0078 min�1) [30]. For the

rest of this paper, these images will be referred to as ‘FBP’

and will be considered as the ground truth.

Finally, the uptake rate of [18F]FDG, Ki, which is the

parameter with the greatest clinical importance, is con-

ventionally estimated by the Patlak graphical analysis [7].

The method assumes that after a certain period from tracer

injection, the concentration of the ‘free’ tracer is in equi-

librium with the concentration in plasma. This assumption

leads to the simplification of the original FDG model [33]

into a linear equation:

CTðt1Þ
Cpðt1Þ

¼ a

Z t1

0

CpðsÞds

Cpðt1Þ
þ b;

ð15Þ

where the slope a represents the tissue uptake rate (i.e. Ki)

and the intercept b represents the ‘free’ tracer fraction in

tissue and plasma. The uptake rate is calculated by linear

regression including only the later time frames, where the

concentration of the unbound tracer is in equilibrium with

the concentration in plasma. In this work only the data

from 35 min onwards were used (i.e. last 7 frames).

Therefore, the parametric maps, acquired with the pro-

posed direct reconstruction method, were also compared to

the direct Patlak parametric maps. The model was intro-

duced within the reconstruction, similar to [17, 18], directly

estimating two parameters that correspond to the Patlak

slope and intercept.

Simulated data

A numerical brain phantom was created by co-registering a

maximum probability brain atlas (Hammersmith atlas [37,

38]) to the summed PET 3D data, reconstructed with the

OSEM algorithm (Fig. 2). The atlas, which consists of 83

brain regions, was used to extract the time activity curves

that were then kinetically fitted using the nonlinear

Levenberg–Marquardt algorithm (with VB ¼ 5 % and

k4 ¼ 0:0078 min�1). The fitted TACs were uniformly

assigned back to the corresponding atlas’ region, which in

turn defined the simulated reference 3D dynamic scan (i.e.

true dynamic image).

To simulate the scanner’s intrinsic resolution, the

dynamic reference scan was smoothed using a Gaussian

kernel of 3 mm full width at half maximum (FWHM).

Each frame of the blurred reference scan was forward

projected to acquire the trues sinogram. Since this sino-

gram was derived from the reconstructed measured data, a

fair assumption is to consider the measured randoms and

scatter sinograms as representative measurements and use

them in the simulations. Therefore, normalisation and

Fig. 2 a The magnetic resonance (MR) image; b the fused MR image with the different colours signifying different regions within the

Hammersmith atlas; c the fused MR image and the PET image; d the PET image

Ann Nucl Med (2014) 28:860–873 865
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attenuation effects, as well as the scatter and randoms

estimates related to the clinical scan, were introduced in the

trues sinogram to obtain the prompts simulated data.

Finally, Poisson noise was introduced to match the statis-

tical level of the clinical data, creating a set of 50 noisy

realisations.

Similar to the clinical data, the parametric maps were

reconstructed using the proposed direct reconstruction

algorithm, as well as the corresponding post-reconstruction

method. For both cases, the tomographic problem was

solved using 12 iterations of the OP-OSEM algorithm (16

subsets) and the kinetic modelling problem was solved

using the GLLS method after every subset update.

Since the blood volume fraction (VB) and the k4

parameter were fixed during the nonlinear fit of the

reconstructed data, the related parametric maps are

expected to be uniform (i.e. constant value). For this rea-

son, they are going to be eliminated from the subsequent

statistical analysis.

Contrary to the clinical data, the advantage of simulated

data, is that the true parametric images are known, for all

parametric maps. Based on the true simulated images,

estimates of the bias and standard deviation for the

reconstructed parametric maps can be calculated across all

realisations. In addition, based on the Hammersmith atlas,

regional mean bias and standard deviation was calculated

for all regions.

Results

Clinical data

Application of the proposed direct reconstruction method

to clinical brain [18F]FDG data, showed substantial quali-

tative improvements, compared to the post-reconstruction

method (Fig. 3). Improvements in image quality (i.e.

reduced variance) are particularly noteworthy for the k2

and k3 micro-parameters, as well as for the estimate of the

blood volume fraction (VB). Additionally, it is interesting

to note that for the k2 and k3 images, the direct method

behaves sufficiently well for those voxels outside the brain.

On the contrary, the post-reconstruction method, seems to

provide very unstable estimates for the voxels outside of

the brain, which cannot be alleviated by post-smoothing the

parametric maps.

To evaluate the quantitative accuracy of the parametric

reconstruction schemes under investigation the voxel-wise

nonlinear fitted FBP image was used as the gold standard.

For this reason voxel-wise Bland–Altman plots [39] were

P
os

t 5
m

m

0 0.05 0.1 0.15 0.2 0 0.1 0.2 0.3 0 0.05 0.1 0 0.02 0.04 0.06 0 0.1 0.2 0.3

Ki  (ml ×min−1×g)K1 (ml×min−1×g) k2 (min−1) k3 (min−1) Blood Volume
P

os
t 

D
ire

ct

Fig. 3 Parametric maps of the clinical data reconstructed with the

proposed direct GLLS reconstruction algorithm (first row) and the

corresponding post-reconstruction approach (second row).

Conventionally, to reduce the level of noise in the post-reconstruction

parametric maps, the images are also post-smoothed with a Gaussian

kernel (5 mm FHWM) prior to kinetic modelling
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employed to assess the agreement of the mean ROI values

within the 83 regions of the Hammersmith atlas obtained

with the post-reconstruction and direct reconstruction

approaches (Fig. 4). The plots show the difference versus

the average between the two methods for each of the 83

regions. The ideal plot should have all points along the zero

difference line (indicating exact match), along with small

variance between the methods. The linear Bland–Altman fit

(Table 2), which can be used as a quantitative metric,

reveals consistently better agreement (i.e. smaller slope)

between the direct approach and the nonlinear fitted FBP

for all parameters for all kinetic parameters. On the other

hand, all regions were underestimated by the post-recon-

struction method (i.e. negative difference), for every

parameter. This is particularly true for the k2 and k3

parameters and especially for higher values.

Figure 5 shows the region-wise Bland–Altman plots for

the Ki values obtained by (a) the direct reconstruction and

(b) the post-reconstruction approaches. Both methods are

compared against the well-established direct Patlak

method. Similar to previous results, the proposed direct

method demonstrates good agreement with the Patlak

method, while all mean ROI values are arranged along the

zero difference line, with small variance. In contrast, the

post-reconstruction method appears to be severely nega-

tively biased with notably higher variance between the

estimated values.

Likewise, Fig. 6 shows the voxel-wise scatter plot of the

Ki values obtain by (a) the proposed direct method and (b)

the post-reconstruction method, as compared to the direct

Patlak method, which serves as a gold standard approach.

The direct method demonstrated good correlation with the

Patlak method where most of the voxels were gathered

around the identity line (slope = 1.04, inter-

cept = 1:83� 10�4), with an R-squared value equal to

r2 ¼ 0:9465. On the other hand, the voxels of the post-

reconstruction parametric maps, showed higher variance

and smaller correlation to the Patlak method (r2 ¼ 0:3547).

Simulated data

Figure 7 shows the percentage bias versus the standard

deviation as a function of iterations for the left posterior
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Fig. 4 Region-wise Bland–Altman plots for four parametric maps:

a K1, b k2, c k3 and d Ki obtained using the clinical data. Each dot

corresponds to each of the 83 regions of the Hammersmith atlas. The

region-wise nonlinear fitted FBP image is used as the gold standard

against the proposed direct GLLS reconstruction algorithm (blue dots)

and the corresponding post-reconstruction parametric approach (red

dots). The central line indicates the linear fit to the data (parameters

of the linear fit are shown in the embedded equation), while the outer

dashed lines indicate the 95 % limits of agreement (�1.96 standard

deviation)

Table 2 Coefficients of the fitted line (i.e. slope and intercept) on the

Bland–Altman plots

Parameters Direct Post-reconstruction

Slope Intercept Slope Intercept

K1 �0.221 0.031 �0.529 0.011

k2 �0.613 0.131 �1.744 0.034

k3 �0.596 0.047 �1.662 0.018

Ki �0.392 0.001 �0.804 0.005
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temporal lobe, which was considered as a representative

region. The post-reconstruction parametric maps suffer

from notably high negative bias (up to �80 %), as well as

increased standard deviation (from 12 up to 25 %), par-

ticularly for late iteration numbers. Similar to the clinical

data, the k2 and k3 parameters were the most difficult to be

estimated, while they demonstrated not only high variance,

but also almost doubled bias compared to the K1 and Ki

parameters. On the contrary, direct parametric maps dem-

onstrate lower standard deviation (from 1 up to 8 %) and

minimal bias, particularly for the K1 and Ki parameters.

Higher positive bias (up to 30 %) was observed for the k2

and k3 parameters, nevertheless it is considerably less

compared to the corresponding bias of the post-recon-

struction method.

Figure 8 shows the bias images after 12 tomographic

iterations. The K1 parameter, acquired with the direct

method, seems to be slightly negatively biased, particularly

in the thalamus and on the occipital cortex. In addition,

positive bias is observed in the ventricles that can be also

seen in the post-reconstruction K1 image, which apart from

this region suffers from high negative bias. Similar results

can also be seen for the direct Ki parameter, which is

slightly negatively biased, although bias is fairly balanced

within the direct reconstructed map. Direct k2 and k3 maps

generally demonstrate positive bias, with the exception of

occipital cortex and thalamus for the k2 and the ventricles

for the k3, where bias appears to be negative. Post-recon-

struction k2 and k3 maps are severely negatively bias

throughout the image.

Figure 9 shows the standard deviation (%) images after

12 tomographic iterations. Directly reconstructed K1 and Ki

maps demonstrated the lowest standard deviation, while the

worst has been demonstrated by the post-reconstructed k2

and k3 maps. Generally, all post-reconstruction maps were

outperformed by the direct maps, with differences being

more pronounced for the challenging k2 and k3 micro-

parameters.
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Fig. 5 Region-wise scatter Bland–Altman plots for the Ki parametric

map of the clinical data, where each dot corresponds to each of the 83

regions of the Hammersmith atlas. In this case the direct Patlak

approach is used as the gold standard against: a the proposed direct

GLLS reconstructed algorithm (blue dots) and b the corresponding

post-reconstruction approached post-smoothed with a 5 mm Gaussian

filter (red dots). The central line indicates the linear fit to the data

(parameters of the linear fit are shown in the embedded equation),

while the outer dashed lines indicate the 95 % limits of agreement

(�1.96 standard deviation)
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Fig. 6 Voxel-wise scatter plots (approximately 720000 voxels)

comparing the Ki values of the clinical data using a the proposed

direct method and b the post-reconstruction method. Both methods

are compared against the direct Patlak approach which serves as the

gold standard. The R2 value for the direct method is r2 ¼ 0:9465,

while for the post-reconstruction one r2 ¼ 0:3547
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Discussion

Parametric image reconstruction, based on a two-tissue

compartment model, is a rather challenging and computa-

tionally intensive task, when all individual kinetic param-

eters are to be estimated [21, 22, 40]. Often, nonlinear

optimisation procedures are employed to estimate these

micro-parameters, which are rather impractical in a voxel-

by-voxel estimation scenario, since they lead to overall

very long reconstruction times. For this reason, many

studies have been limited to estimating macro-parameters,

which are often derived from graphical analysis methods,

using linear regression procedures [17, 18]. In this paper,

the generalised linear least squares framework was

exploited within a recently proposed direct parametric

reconstruction algorithm [23, 41], to linearise the opera-

tional equation of a two-tissue compartment model and yet

maintain the estimation of all individual micro-parameters

[24].

In contrast to similar methods which employ rather

complicated weights derived within a separable surrogate

function framework (e.g. [22]), the proposed method uses

simple weighting factors for the least squares objective

function that were naturally derived within an expectation

−40 −20 0 20
0

5

10

15

Bias (%)

S
ta

nd
ar

d 
D

ev
ia

tio
n 

(%
)

K1 parameter

 

 

−100 −50 0 50
4

6

8

10

12

14

16

Bias (%)

S
ta

nd
ar

d 
D

ev
ia

tio
n 

(%
)

k2 parameter

 

 

−100 −50 0 50
5

10

15

20

25

Bias (%)

S
ta

nd
ar

d 
D

ev
ia

tio
n 

(%
)

k3 parameter

 

 

−40 −20 0 20 40
0

5

10

15

Bias (%)

S
ta

nd
ar

d 
D

ev
ia

tio
n 

(%
)

Ki parameter

 

 

Direct

Post

Direct

Post

Direct

Post

Direct

Post

Fig. 7 Mean bias (%) versus

standard deviation (%) curves,

across 50 realisations, of the

simulated data. The curves

correspond to a representative

region acquired from the

Hammersmith atlas (i.e. left

posterior temporal lobe). Each

point represents a tomographic

iteration up to 12 and as

iterations increase variance

increases for all cases

(a) K1 (b) k2 (c) k3 (d) Ki

−100

−50

0

50

100

B
ia

s 
(%

) 

D
ire

ct
P

os
t

Fig. 8 Bias images (percentage

over the true value) for the

direct (upper row) and post-

reconstruction approaches

(lower row). The parametric

images were obtained after 12

tomographic iterations and were
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simulated data
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maximisation framework. The weights, which were upda-

ted at each internal GLLS iteration, were based on the

expectation of the kinetic parameters at the previous iter-

ation, similar to a one-step-late approach. The employed

weights were particularly appropriate for the proposed

direct reconstruction algorithm, as the previous image

estimate is always available (except for the first iteration,

where approximations based on the frame duration can be

used). On the other hand, the same weighting factors are

not suitable for the conventional post-reconstruction

approach, since (usually) the previous estimate is not

available. Contrary to the direct approach, where the

weights were updated at each iteration using a temporal

constraint, the weighting factors used by the post-recon-

struction approach tend to be fairly noisy. Therefore, they

cannot appropriately describe the noise distribution in the

reconstructed images [42], leading to suboptimal parameter

estimation.

It is worth noting that in this work four internal GLLS

iterations were used for each fitting step. Too few internal

iterations might lead to a suboptimal fit (Fig. 1), while

more internal iterations add unnecessary computational

burden to the overall reconstruction time. The optimal

number of internal iterations depends on two factors:

(a) the initial estimate for the weights and (b) the level of

noise in the TAC to be fitted. The proposed direct recon-

struction method is better than the post-reconstruction

method in both regards. Firstly, the direct method uses the

previously fitted TAC as the initial estimate for the

weights, while the post-reconstruction method uses the

current reconstructed TAC which tends to be very noisy

(hence less optimal). Secondly, because the direct method

fits the TAC at each iteration, it leads to less noisy TACs

compared to the post-reconstruction approach, particularly

for late tomographic iterations. This means that the direct

method usually requires fewer internal GLLS iterations—

often less than four (see Fig. 1)—which takes considerably

less time compared to a nonlinear fit.

In terms of computational complexity, the direct and the

post-reconstruction approaches share the same tomo-

graphic algorithm and the same parameter fitting proce-

dure. For the post-reconstruction approach parameter

fitting is performed only once, at the end of the recon-

struction, while for the direct approach it is applied after

every subset update. Therefore, since there is no additional

computational overhead between the two approaches the

difference in the overall reconstruction time is proportional

to the total number of iterations. This is only because the

GLLS procedure is applied more times compared to the

post-reconstruction method. However, although this mul-

tiple fitting of the TACs adds a considerable computational

burden, it leads to improved parameter estimates.

Application of the proposed direct reconstruction

method to clinical data acquired on the HRRT scanner,

showed apparent improvements in image quality for all

micro-parameters, compared to the conventional post-

reconstruction method and the corresponding post-filtered

images (Fig. 3). Directly reconstructed images appeared

not only smoother, but also structural information was

available, in the brain cortex, thalamus, as well as cere-

bellum. On the contrary, such information was not present

in the post-reconstruction parametric images due to the

increased noise. In addition, functional information was

different between the two methods, especially for the K1
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Fig. 9 Standard deviation images (percentage over the true value) for the direct (upper row) and post-reconstruction methods (lower row). The

parametric images were obtained after 12 tomographic iterations and were based on 50 realisations of simulated data
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and blood volume images. Increased uptake rate was

observed in the sinus area for the direct K1 parameter,

which is something to be expected. However, this infor-

mation was not resolved in the post-reconstructed K1

image, while increased activity was assigned to the same

area in the blood volume parameter (Fig. 3). This can be

explained by the inability of the post-reconstruction

method to determine the correct uptake rate (and conse-

quently blood volume) due to increased noise in the early

short frames.

Since, the ground truth is not known for clinical data,

the proposed direct reconstruction approach was compared

against two well-established methods. Region-wise com-

parison to the FBP reconstructed images followed by

nonlinear fitting using the Levenberg–Marquardt algorithm

showed adequate agreement for all micro-parameters

(Fig. 4). This was especially true for the K1 and Ki

parameters, which were slightly underestimated, probably

due to the absence of the k4 parameter from the employed

kinetic model (see Sect. 3.1). On the other hand, excellent

quantitative agreement was observed when the proposed

direct reconstruction method was compared against the

direct Patlak method (Fig. 5). This can be partly attributed

to the same assumption about the k4 parameter that is

employed by the Patlak model and the proposed method,

since both approaches assumed that the dephosphorylation

of FDG is negligible. On the contrary, post-reconstructed

parametric maps showed substantial disagreement when

compared to nonlinear fitted FBP images, particularly for

the k2 and k3 parameters.

The trends in variance observed in the reconstructed

parametric maps based on clinical data, were replicated in

the reconstructed images using simulated [18F]FDG data.

Post-reconstruction parametric maps suffered from

increased standard deviation particularly for the k2 and k3

parameters, while parametric maps reconstructed with the

direct approach demonstrated notably lower standard

deviation (i.e. 2–3 times less) (Fig. 7). However, apart

from improvements in noise properties, the proposed direct

method also demonstrated lower bias for all micro-

parameters. Likewise, the most difficult parameters to

estimate accurately were k2 and k3, where the bias reached

30 % compared to 80 % for the post-reconstruction

approach. On the contrary, the macro-parameters K1 and Ki

were estimated with negligible bias, which did not exceed

5 % (Fig. 7). The large negative bias observed for the post-

reconstruction parametric maps could possibly be

explained by the inability of the algorithm to handle very

noisy data. It has been shown [5] that the performance of

the GLLS algorithm rapidly deteriorates with increasing

levels of noise in the TACs and tends to be trapped in local

minima. Introducing a spatial regularisation within the

tomographic step (e.g. median root prior, quadratic prior)

can improve the noise characteristics in the reconstructed

images and, therefore, potentially offer improvements in

accuracy, at least for the post-reconstruction approach [43].

In this work, the dephosphorylation of [18F]FDG was

assumed to be negligible (i.e. zero) [33]. Although there is

a controversy about the validity of this assumption [44, 45],

it was employed in this work, mainly to reduce the number

of estimated parameters. Since the k4 parameter is the most

difficult parameter to estimate, it is expected that it will

also affect the estimation of the other micro-parameters.

Inclusion of the k4 parameter will result in the model being

more accurate, thus reducing the observed bias in the

estimated parameters. Nevertheless, it is expected that

introduction of an additional parameter will also lead to

greater instability (i.e. higher variance). Therefore, it is

recommended to estimate only four micro-parameters,

including the blood volume fraction, and assume that the k4

parameter is zero (or a fixed value). However, it must be

noted that within a 4D framework, errors due to potential

model mismatch triggered by incorrect assumptions about

the kinetic parameters (e.g. negligible k4 or fixed VB) may

propagate to neighbouring well-modelled regions and

affect the overall quantification of the reconstructed

parameters [26, 46].

One limitation of this work is that the performance of the

proposed direct reconstruction method was not compared, in

terms of its bias and variance properties, to existing direct

methods, such as the ones presented in [21, 22]. This

investigation is fairly necessary to clearly demonstrate the

strengths and weaknesses of the proposed method. However,

the purpose of this paper was to introduce and evaluate the

generalised direct reconstruction algorithm initially pro-

posed by Matthews et al. [23] in the context of nonlinear

models and demonstrate the advantages over the corre-

sponding conventional post-reconstruction method [41].

Future work should include more elaborate simulations,

where the proposed method and the above mentioned

methods will be compared in terms of their bias-variance

trade-off, as well as their computational complexity. In

addition, different reconstruction methods have diverse

characteristics in terms of quantitative errors and signal-to-

noise ratio. Although iterative methods offer better images

in terms of resolution and signal-to-noise ratio, FBP algo-

rithms are considered to offer better quantification, particu-

larly for low-count regions. Such quantification errors can be

very important for the end-point biological parameters.

Therefore, a comprehensive comparison, in terms of quan-

tification, of the proposed direct reconstruction method

against the conventional post-reconstruction FBP approach

would be necessary. On the other hand, maximum a poste-

riori algorithms apply some form of regularisation to
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stabilise the image estimates, thus leading to improved noise

characteristics. This could potentially reduce the excess

variance of the post-reconstruction EM approach and

improve all parameter estimates.

In general, the proposed direct parametric reconstruction

algorithm demonstrated not only improvements in preci-

sion (i.e. lower variance), but also in accuracy (i.e. lower

bias) when compared to the conventional post-reconstruc-

tion method. High resolution parametric images were

reconstructed, with high contrast between gray and white

matter, while structural information was visible. As

expected, the best performance was observed for the esti-

mation of the macro-parameters K1 and Ki, which was

comparable to the well-established direct Patlak method

[17, 18], at least for the Ki parameter. However, the

advantage of this method over the well-established graph-

ical analysis method is that it can also provide the micro-

parameters with acceptable accuracy and precision.

Conclusions

In this paper we presented and evaluated an expectation

maximisation parametric reconstruction algorithm for

estimating the micro-parameters of a two-tissue compart-

ment model directly from the measured PET data. The

method was applied to simulated and clinical [18F]FDG

data acquired on the high resolution research tomograph.

Computer simulations showed that the direct method

demonstrated superior performance over the conventional

post-reconstruction method both in quantitative accuracy

and precision, for all micro-parameters. Considerable

improvements in image quality were observed for clinical

data, whilst showing reasonable agreement with the well-

established FBP post-reconstructed images.
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